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Abstract. We report on our progress in studying exotic, heavy tetraquark states, qq′Q¯Q¯′.
Using publicly available dynamical n f = 2 + 1 Wilson-Clover gauge configurations, gen-
erated by the PACS-CS collaboration, with pion masses '164, 299 and 415 MeV, we
extend our previous analysis to heavy quark components containing heavier than phys-
ical bottom quarks Q¯Q¯′ = b¯′b¯′ or Q¯Q¯′ = b¯b¯′, charm and bottom quarks c¯b¯ and also
only charm quarks c¯c¯. Throughout we employ NRQCD and relativistic heavy quarks
for the heavier than bottom, bottom and charm quarks. Using our previously established
diquark-antidiquark and meson-meson operator basis we comment in particular on the
dependence of the binding energy on the mass of the heavy quark component Q¯Q¯, with
heavy quarks ranging from mQ = 0.85. . . 6.3 · mb. In the heavy flavor non-degenerate
case, Q¯Q¯′, and especially for the tetraquark channel udc¯b¯, we extend our work to utilize
a 3 × 3 GEVP to study the ground and threshold states thereby enabling a clear iden-
tification of possible binding. Finally, we present initial work on the Q¯Q¯′ = c¯c¯ system
where a much larger operator basis is available in comparison to flavor combinations with
NRQCD quarks.
1 Introduction
The study of exotic states in QCD can provide insights into the mechanisms behind the binding of
quarks into hadrons. The only systematically-improvable way to investigate these is through an ab-
initio procedure such as lattice QCD or by experiment. A benefit of the former is that arbitrary
quark masses can be used as input into simulations to probe important features of composite states of
quarks, such as the constituent quark mass dependencies, which will help us to understand why some
configurations of quarks are bound while others are not.
Prior to our studies [1–3] the question of whether bound heavy tetraquark states exist in nature had
been tackled in lattice QCD mainly with heavy quarks in the static approximation and/or with very
heavy light sea-quarks [4–19]. In [3] we proposed an intuitive and phenomenologically-motivated
binding mechanism for a qq′Q¯Q¯′ tetraquark with a heavy antidiquark Q¯Q¯′ component and a light qq′
part being in a good diquark configuation [20]. We studied the qq′Q¯Q¯′ = udb¯b¯ and `sb¯b¯ channels,
with nearly-physical dynamical light up and down (l = u, d) and strange quarks. The heavy bottom
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quarks were handled using lattice NRQCD. The binding energies obtained from a chiral extrapolation
to the physical pion mass were ∆Eudb¯b¯ = 189(10)(3) MeV and ∆Elsb¯b¯ = 98(7)(3) MeV.
Since this prediction and the results from the static approximation1, compounded by the discovery
of the doubly charmed Ξcc baryon at LHCb [24], there has been a renewed interest to explore this type
of tetraquark configuration (see e.g. [25–27]) and its quark mass dependence.
In this proceedings we report on progress of our own work to further understand the binding of
heavy tetraquarks. We study the heavy quark mass dependence of the binding ∆Eqq′b¯b¯′ (mb,mb′ ) for
unphysical bottom quark masses and also present first results for channels with the flavor configura-
tions udQ¯Q¯′ = udc¯b¯ and udQ¯Q¯′ = udc¯c¯. The latter has also been investigated at mpi = 391 MeV in
[28] since this conference.
2 Phenomenological considerations
To motivate the interpolating operators for our lattice calculation, observe that in the limit of infinitely
heavy quarks mQ → ∞ the attractive nature of the color Coulomb potential guarantees a bound ground
state of a qq′Q¯Q¯′-type tetraquark [29]. Whether a binding is realized away from this limit, as in nature,
for charm and bottom quarks, is subject to non-perturbative effects and only lattice QCD calculations
can give a rigorous answer to this question.
However, there are indications from the observed spectrum that there should be tetraquark bound
states of the qq′b¯b¯-type2, e.g. the mass ratios (B∗ − B)/(Ξ∗bb − Ξbb) and (B∗s − Bs)/(Ω∗bb − Ωbb) are
close to unity; this is indicative of the b-quark mass being large enough for heavy quark symmetry to
be effective, which entails that its spin decouples and a heavy antidiquark in a color 3 configuration
behaves similarly to a single heavy quark. If heavy quark symmetry is indeed a good symmetry for
bottom quarks, one might expect the observed heavy baryon spectrum gives an idea of the possible
binding energies for tetraquarks, since the single heavy quark in the baryon may be replaced with a
heavy anti diquark without changing the hadron’s qualitative features. Through the splittings of the
spin 0 and spin 1 diquark component baryons with the same flavor content, and a comparison to the
corresponding spin averages, the possible binding energies could then be gauged. In particular, we
have Σb − Λb ≈ 194 MeV and Ξ′b − Ξb ≈ 162 MeV [31], i.e. the masses lie ∼ 145 MeV below and∼ 48 MeV above the corresponding spin average in the qq′ = ud case, and ∼ 106 MeV below and
∼ 35 MeV above, for qq′ = us. In the so-called "good diquark" spin 0 configuration [20] there is
therefore an opportunity for binding energies in the same ballpark.
This motivation of a binding mechanism entails a number of predictions that may be tested using
lattice calculations:
• The heavier the quarks in the Q¯Q¯′ component of the tetraquark candidate qq′Q¯Q¯′, the deeper the
binding. The heavy quark mass dependence should be ∆E ∼ 1/mQ˜.
• The effectiveness of heavy quark symmetry is governed by the reduced mass of the two heavy
quarks Q¯Q¯′.
• The good diquark effect leads to a stronger binding for lighter quarks in the qq′ component of the
tetraquark candidate qq′Q¯Q¯′.
• There will be a maximum mass combination in qq′ above which the tetraquark candidate becomes
unbound, if no further binding mechanisms become effective.
In this conference proceedings we report on our progress studying the first three of these predictions.
1Both of which continue to be refined, see e.g. [21–23].
2See e.g. [30] as well as [1, 3] and references therein for a list of model calculations on this topic.
3 Lattice correlators and operators
The generic form of a lattice QCD correlation function at rest is given by
CO1O2 (t) =
∑
x
〈
O1(x, t)O2(0, 0)†
〉
=
∑
n
〈0|O1|n〉〈n|O2|0〉e−Ent , (1)
with the interpolating operators Oi being chosen with the quantum numbers of the continuum state to
be studied. Given the phenomenological picture of Sec. (2), we choose two types of operator: First,
we define a diquark-antidiquark operator of the form
D(x) = (uαa (x))
T (Cγ5)αβq
β
b(x) × b¯κa(x)(Cγi)κρ(b¯ρb(x))T . (2)
This operator is expected to overlap with our possible tetraquark candidate as it has the light diquark
in the favorable configuration. The natural alternative is a system of interacting mesons, which we
implement using the following dimeson operator:
M(x) = b¯αa (x)γ
αβ
5 u
β
a(x) b¯κb(x)γ
κρ
i d
ρ
b(x) − b¯αa (x)γαβ5 dβa(x) b¯κb(x)γκρi uρb(x) . (3)
Both of these operators have the desired JP = 1+ quantum numbers [1, 3].
Using this basis of operators, the energy spectrum of the given tetraquark channel may be extracted
by first solving for the eigenvalues of the 2 × 2 GEVP [32]
F(t) =
(
GDD(t) GDM(t)
GMD(t) GMM(t)
)
, F(t)ν = λ(t)F(t0)ν , (4)
where
GO1O2 =
CO1O2 (t)
CPP(t)CVV (t)
(5)
withCPP(t) andCVV (t) denoting the correlation functions of the individual pseudoscalar (D, B,Ds, Bs)
and vector mesons (D∗, B∗,D∗s, B∗s), respectively. From the solution to the GEVP, the binding energy
may be computed via a single-exponential fit to the obtained lowest lying, ground state, eigenvalue
λ0(t) = Ae−∆E(t−t0) . (6)
In the case of non-degenerate heavy quarks Q¯ , Q¯′ in qq′Q¯Q¯′ this correlator matrix may be extended
to a 3 × 3 GEVP, as a second threshold through a different flavor combination in the dimeson sector
opens up:
F(t) =
(
GDD GDM
GMD GMM
)
⇒ F(t) =
 GDD GDM12 GDM21GM12D GM12M12 GM12M21GM21D GM21M12 GM21M21
 . (7)
In the udc¯b¯ channel these two thresholds are the DB∗ and BD∗, which are ∼ 97 MeV [30] apart.
4 Numerical setup
We use dynamical n f = 2 + 1 Wilson-Clover [33] gauge field configurations generated by the PACS-
CS collaboration [34], with a partially-quenched valence strange quark tuned to obtain the physical K
mass at the physical pion mass. In the valence sector we use Coulomb gauge-fixed wall sources [35].
We set sources at multiple time positions and compute propagators for light and strange quarks using
Ensembles
Label EH EM EL
Extent 323 × 64 323 × 64 323 × 64
a−1 [GeV] 2.194(10) 2.194(10) 2.194(10)
mpiL 6.1 4.4 2.4
mpi [MeV] 415 299 164
MΥ [GeV] 9.528(79) 9.488(71) 9.443(76)
MJ/Ψ [GeV] 3.0862(2) 3.0847(2) 3.0685(11)
Heavy masses
mbare mb′/mb
1.6 0.846(7)
3.0 1.463(12)
4.0 1.928(17)
8.0 4.395(35)
10.0 6.287(48)
Table 1. Left: Overview of our ensemble parameters, more details may be found in the text and [1–3]. Right:
Tuned unphysical heavy quark masses over the bottom quark mass. The tuning was achieved via the dispersion
relation of spin-averaged mass mesons. These calculations were done using EM and one source position.
a modified deflated SAP-solver [36]. An overview of the ensembles can be found in Tab. 1(left) and
further details may be found in [1–3].
For the charm quarks we use a relativistic (Tsukuba-type) heavy quark action with tuning param-
eters taken from [37]
Dx,y = δxy − κ f
[
(1 − γt)Ux,tδx+tˆ,y + (1 + γt)Ux,tδx+tˆ,y
]
(8)
− κ f
∑
i
[
(rs − νsγi)Ux,tδx+iˆ,y + (rs + νsγi)Ux,tδx+iˆ,y
]
− κ f
[
cE
∑
i
Fit(x)σit + cB
∑
i, j
Fi j(x)σi j
]
.
Meson masses using quark propagators computed with this action and tuning are seen to be within
∼ 1% of the experimentally observed spectrum. The implementation of this quark action is based
once more on the openly available DDHMC package [36].
To calculate bottom quark propagators we use the NRQCD lattice action with the Hamiltonian
[38, 39]
H = − ∆
(2)
2M0
− c1 (∆
(2))2
8M30
+
c2
U40
ig
8M20
(∆˜ · E˜ − E˜ · ∆˜) − c3
U40
g
8M20
σ · (∆˜ × E˜ − E˜ × ∆˜) (9)
− c4
U40
g
2M0
σ · B˜ + c5 a
2∆(4)
24M0
− c6 a(∆
(2))2
16nM20
,
with the tadpole-improvement coefficient U0 set to the fourth root of the plaquette and tree-level
values ci = 1. A tilde denotes tree-level improvement and the c5, c6 terms remove the remaining O(a)
and O(a2) errors. This setup is known to account for relativistic effects at the few percent level while
capturing the relevant heavy-light quark physics [31, 40, 41].
In addition to tuning M0 in the NRQCD action to achieve physical bottom quarks, we also varied
this parameter to investigate heavier and lighter, unphysical bottom quark masses mb′ on the medium
ensemble EM , see Tab. 1(right). We compute the slope of the spin-averaged mass dispersion relation
to determine the (un)physical b quark masses mb′ . When compared to the physical bottom quark mass
mb these are mb′/mb ≈ 6.29, 4.40, 1.93, 1.46, 0.85. Static propagators were calculated by keeping only
the first term in the NRQCD Hamiltonian.
Figure 1. Results for the heavy quark mass dependence of the udb¯b¯′ (left) and lsb¯b¯′ (right) tetraquark channels.
In both figures the mb = mb′ and mb , mb′ mass dependences are shown. The extracted binding energies are fit
to a ∼ 1/mQ form. The results of [3] are given in black, they do not however enter the fit.
5 Results
5.1 Heavy quark mass dependence of ∆Eudb¯b¯′ (mb,mb′ ) and ∆Elsb¯b¯′ (mb,mb′ )
To test the heavy quark mass predictions of Sec. (2) we proceed by calculating the binding energies
∆Eudb¯b¯′ (mb,mb′ ) and ∆Elsb¯b¯′ (mb,mb′ ) for the cases mb = mb′ and mb , mb′ for all available NRQCD
heavy quark masses. As the extra, unphysical bottom quark masses are available only on EM a chiral,
volume extrapolation is not possible. With mpiL = 4.4 and based on the volume estimates of [1, 3]
the latter effects should be negligible. Taking the difference of ∆Etetra on EM and Ephys from [3] the
former effect should be of the order 26 MeV for udb¯b¯ and 4 MeV for lsb¯b¯. The results are shown in
Fig. (1), for the udb¯b¯′ (left) and lsb¯b¯′ (right) cases. In both figures the mb = mb′ and mb , mb′ mass
dependences are shown. In the mb , mb′ also the static propagators were used. The extracted binding
energies are fit to a ∼ 1/mQ form3. Throughout, good agreement with the predicted ∼ 1/mQ behavior
is observed. This entails the binding mechanism (and heavy quark symmetry in particular) describes
the observed behavior well in the mass region mQ = 0.846mb → ∞.
Note that the results of [3], given in black, do not enter the fit. The predictions at the physical
bottom quark mass are consistently postdicted by the ∼ 1/mQ fit result.
5.2 Evidence of binding in udc¯b¯
The results shown in Fig. (1) give an indication that there may be further bound states as mb′ → mc and
this motivates further investigation, although the case mb′ ≈ mc may be light enough for the binding
and heavy quark symmetry arguments to break down. With the prediction from heavy quark symmetry
that the binding is dictated by the reduced mass of the Q¯Q¯′ component the first, most bound, likely
tetraquark candidate in the charm quark mass regime is the flavor configuration udc¯b¯. In Fig. (2) we
show preliminary results for this charmed-bottom tetraquark for the medium (left) and light (right)
ensembles. This entails a light quark mass shift from mpi = 299 MeV to mpi = 163 MeV. In both
3Further details on fit ranges etc. will be given in an upcoming publication.
Figure 2. Preliminary results for the first charmed tetraquark candidate udc¯b¯ on the medium EM (left) and light
EL (right) ensembles. In both figures the results for the binding energies derived both from the 2 × 2 and 3 × 3
GEVP are given.
figures the results for the binding energies derived both from the 2 × 2 and 3 × 3 GEVP are given. As
the binding mechanism predicts, and was observed in the udb¯b¯ case, we expect the binding energy to
increase for lighter quarks. Indeed, our results on the ensemble with almost physical quarks shows
evidence of a binding at theO(50 MeV)-level with respect to the non-interacting two meson threshold.
At mpi = 299 MeV, however, the obtained signal is not as conclusive and permits an interpretation as
being bound at the O(25 MeV)-level or indeed unbound. Both interpretations confirm the expectation
of lighter diquark components binding more strongly. At the same time the results emphasize the
importance of performing calculations at very light, preferably physical quark masses.
5.3 First results for udc¯c¯
With the prediction of the binding energy set by the reduced mass of the heavy quark masses in Q¯Q¯′
of the tetraquark candidate, the above confirmation of this behavior in Fig. (1) and the above evidence
of a bound udc¯b¯ tetraquark Fig. (2) further motivates the study of the udc¯c¯ channel. It should be noted
that since this conference results on this tetraquark candidate have been published [28], in this study
it was found to be unbound at quark masses corresponding to mpi = 391 MeV. In light of the likely
small or non-existent binding for udc¯b¯ at mpi = 299 MeV in our own calculation this highlights the
necessity for almost physical quark masses for the study of these tetraquarks.
Numerically, with the absence of bottom quarks and therefore NRQCD propagators, the GEVP
one may define is much larger than 3 × 3, since many more operator combinations become available.
In particular, we set up a 6×6 GEVP of positive-positive and negative-negative parity operators in the
diquark-diquark and dimeson-dimeson diagonal and mixing sectors. Preliminary results are shown in
Fig. (3) for the medium ensemble with mpi = 299 MeV. Although strong conclusions cannot be drawn
yet, especially lacking results which would allow us to perform the extrapolation to physical mpi, we
do observe clear signals, and can successfully resolve the first three eigenvalues up to distances of
t/a = 18.
Figure 3. First preliminary results for a double charmed tetraquark candidate udc¯c¯ on the medium EM , mpi = 299
MeV, ensemble. Without the need to use NRQCD much larger GEVPs may be set up, here we show results for a
6 × 6 correlation matrix.
6 Conclusions
In this conference proceedings we report on progress in studying heavy tetraquarks of the qq′Q¯Q¯′-
type. Following the predictions of the phenomenologically motivated binding mechanism through
heavy quark symmetry and "good" diquarks, we can confirm numerically that the binding energy
increases as ∼ 1/mQ˜ for the cases mQ = mQ′ and mQ , mQ′ between mQ,Q′ ∈ [0.846mb,∞]. We
see that the size of the heavy contribution to the total binding is dominated by the reduced mass of
the two heavy quarks. As observed in our previous studies, the strongest binding contribution in the
light sector is given for the ud flavor configuration of the qq′ component of the tetraquark candidate.
In addition we started to study the medium mass range by exchanging first one and then both of
the bottom quarks by charm quarks, with the charm quarks handled using a relativistic heavy quark
action. In the case of the udc¯b¯ tetraquark channel, we find evidence of binding close to physical light
quark masses. Although further investigation is required to pin down the binding energy, there is an
indication of this state being bound at the ∆Eudc¯b¯ ∼ 50 MeV-level. Exchanging also the second bottom
quark with a charm quark, our initial results at mpi = 299 MeV are not yet conclusive. However, should
the observations made above hold, there is an indication for this tetraquark to also be bound.
For both the udc¯b¯ and udc¯c¯ channels more work is necessary in order to draw clear conclusions
on their possible binding. Especially crucial here is the light quark mass dependence and physical
or almost physical pion masses are mandatory. In addition, given the magnitudes of possible binding
energies seen, finite volume effects play an important role in determining whether a genuine bound
state or a scattering state is observed. Calculations at large lattice volumes are potentially necessary.
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